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Univariate polynomial matrices

Consider a univariate polynomial matrix M,

x2 + 9x + 8 6x2 + 6x + 1 8x2 + 4x + 8 10x2 + 8x + 8 8x2 + 4x + 9 9x2 + x + 6 3x2 + 10x + 1 0 0

0 x2 + 9x + 8 6x2 + 6x + 1 8x2 + 4x + 8 10x2 + 8x + 8 8x2 + 4x + 9 9x2 + x + 6 3x2 + 10x + 1 0

0 0 x2 + 9x + 8 6x2 + 6x + 1 8x2 + 4x + 8 10x2 + 8x + 8 8x2 + 4x + 9 9x2 + x + 6 3x2 + 10x + 1

4x2 + 5x + 4 10x2 + 2 x2 + 8x + 10 8x2 + 6x + 10 4x2 + 10 9x + 5 10x2 + 4 0 0

0 4x2 + 5x + 4 10x2 + 2 x2 + 8x + 10 8x2 + 6x + 10 4x2 + 10 9x + 5 10x2 + 4 0

0 0 4x2 + 5x + 4 10x2 + 2 x2 + 8x + 10 8x2 + 6x + 10 4x2 + 10 9x + 5 10x2 + 4

9x2 + 6x + 8 2x + 5 9x2 + x + 2 6x2 + 6x + 5 9x2 + 4x + 2 7x2 + 3x + 3 7x2 + 5 0 0

0 9x2 + 6x + 8 2x + 5 9x2 + x + 2 6x2 + 6x + 5 9x2 + 4x + 2 7x2 + 3x + 3 7x2 + 5 0

0 0 9x2 + 6x + 8 2x + 5 9x2 + x + 2 6x2 + 6x + 5 9x2 + 4x + 2 7x2 + 3x + 3 7x2 + 5




Degree of matrix degM = max

i ,j
(degMi ,j) = 2.
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Degree of matrix degM = max

i ,j
(degMi ,j) = 2.

Hermite Normal Form
Maple, SageMath, ...

[Gupta, Storjohann 2011]

[Labahn, Neiger, Zhou 2017]

Õ(nω deg(M))

In many applications
Determinant, Smith Form,
Change of Ordering, ...
→ 3× 3 submatrix
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Univariate polynomial matrices


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0

0
0 0 1

deg < 12 deg < 2
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Approach

Room for improvement?

Best known costs:
Hermite Normal Form : Õ(nω deg(M))

Determinant in K[x ]n×n : Õ(nω deg(M))

Structured matrices
Small displacement

rank α ≪ n



∗ ∗ 0 0

0 0
0 0 ∗ ∗
∗ ∗ 0 0

0 0
0 0 ∗ ∗
∗ ∗ 0 0

0 0
0 0 ∗ ∗

f0

f1

f2


α = 3

[Bostan, Jeannerod, Mouilleron, Schost, 2017]

Linear algebra for structured matrices
over Kn×n costs Õ(αω−1n)

For matrices over K[x ]n×n

→ Evaluation interpolation

3
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Contributions

[Berthomieu, Neiger, Passe 2026] Computing m ×m-submatrix of the
HNF of an n × n matrix M with displacement rank α

Õ
((
αω−1 +mω−1

)
n∆

)

▶ ∆ a degree bound on deg det(M) + deg adj(M)

▶ Las Vegas algorithm

▶ Structured algorithms: rows / columns of M−1.

▶ Relation basis over K[x ]m×n
≤∆

Generalizes the resultant by
evaluation interpolation

α = 2,m = 1

Application to bivariate change
of ordering for Gröbner bases

GDRL −→ GLEX

4
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Õ
((
αω−1 +mω−1

)
n∆

)
▶ ∆ a degree bound on deg det(M) + deg adj(M)

▶ Las Vegas algorithm

▶ Structured algorithms: rows / columns of M−1.

▶ Relation basis over K[x ]m×n
≤∆

Generalizes the resultant by
evaluation interpolation

α = 2,m = 1

Application to bivariate change
of ordering for Gröbner bases

GDRL −→ GLEX

4



Contributions

[Berthomieu, Neiger, Passe 2026] Computing m ×m-submatrix of the
HNF of an n × n matrix M with displacement rank α

Õ
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Conclusions and perspectives

▶ Any Toeplitz-like matrix

▶ Lower cost bound in generic cases, detected on the fly

▶ Compute submatrix HJ,J of the HNF, for J = {j1, · · · , jm}
▷ Leading submatrix, J = {1, . . . ,m}
▷ For all i ∈ {1, . . . , jm} \ J, the i-th column of the HNF is trivial

▶ Preprint available: https://arxiv.org/abs/2602.08027

▶ Future work:

▷ Fewer columns for relation basis: Õ(mω−1n∆) → Õ(mω∆) ?
▷ Block Wiedemann, [Villard 2018] type approach: Õ(∆) → Õ(∆m ) ?

Output size ≤ m deg detM

Thank you for your attention

5

https://arxiv.org/abs/2602.08027


Conclusions and perspectives

▶ Any Toeplitz-like matrix

▶ Lower cost bound in generic cases, detected on the fly

▶ Compute submatrix HJ,J of the HNF, for J = {j1, · · · , jm}
▷ Leading submatrix, J = {1, . . . ,m}
▷ For all i ∈ {1, . . . , jm} \ J, the i-th column of the HNF is trivial

▶ Preprint available: https://arxiv.org/abs/2602.08027

▶ Future work:

▷ Fewer columns for relation basis: Õ(mω−1n∆) → Õ(mω∆) ?
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Appendix

G = {g1, . . . , gℓ} a DRL Gröbner basis of a bivariate ideal I ⊆ K[x , y ].



1 x x2 xn

↑ ∗ ∗ 0 0

s1 0 0
↓ 0 0 ∗ ∗

↑ ∗ ∗ 0 0

sℓ 0 0
↓ 0 0 ∗ ∗

g1

...

gℓ


Univariate matrix in K[y ]n×n

Displacement rank ℓ

−→
HNF



1 x x2 xn

∗ 0 0

∗ 1

0

0
0 0 1

GLEX

∗


Upper-left submatrix
LEX Gröbner basis.

si = degx lm(gi+1)− degx lm(gi )

sℓ = max

{
1, max

1≤i≤ℓ−1
(si + degx gi )− degx(gℓ)

}
6



Appendix

y

x

lm(g1)

lm(g2)

lm(g3)

lm(g4)

y8

x3y5

x4y3

x7

s0 = 3 s1 = 1 s2 = 3 s3 = 2



1 x x2 x3 x4 x5 x6 x7 x8

g1 y8 + · · · ∗ ∗ 0 0

xg1 0 y8 + · · · 0
x2g1 0 0 y8 + · · · ∗ ∗

g2 ∗ ∗ y5 + · · · ∗ ∗
g3 ∗ ∗ y3 + · · · ∗ ∗ 0 0

xg3 0 y3 + · · · ∗ ∗ 0
x2g3 0 0 ∗ ∗ y3 + · · · ∗ ∗

g4 ∗ ∗ 1 0
xg4 0 ∗ ∗ 1



Matrix in K[y ]9×9

Displacement rank 4.
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